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ABSTRACT
We present a new, semi-analytic formalism to model the acceleration and collimation of
relativistic jets in a gravitational potential. The gravitational energy density includes
the kinetic, thermal, and electromagnetic mass contributions. The solutions are close to
self-similar throughout the integration, from very close to the black hole to the region
where gravity is unimportant. The field lines are tied to the conditions very close to the
central object and eventually overcollimate, possibly leading to a collimation shock.
This collimation shock could provide the conditions for diffusive shock acceleration,
leading to the observed electron populations with a power-law energy distribution in
jets.
We provide the derivation, a detailed analysis of a solution, and describe the effects
the parameters have on the properties of the solutions, such as the Lorentz factor and
location of the collimation shock. We also discuss the deviations from self-similarity.
By comparing the new gravity term with the gravity term obtained from a non-
relativistic formalism in a previous work, we show they are equivalent in the non-
relativistic limit. This equivalence shows the approach taken in that work is valid and
allows us to comment on its limitations.
Key words: acceleration of particles – MHD – methods: analytical – ISM: jets and
outflows.
1 INTRODUCTION
Jets are important building blocks of our Universe. When
the supermassive black hole in the centre of a galaxy is acti-
vated by accretion, a resulting jet can significantly alter its
surroundings, by heating or displacing the ambient medium,
affecting the evolution of the galaxy, or transporting angu-
lar momentum, possibly changing the spin of the black hole
itself. Since the central black hole is in general too small to
resolve (see, e.g., Junor et al. 1999; Hada et al. 2011; Doele-
man et al. 2012), we cannot usually observe the conditions
around it directly. But as the jet is formed in this region, by
observing the jet at larger distances, we can obtain this valu-
able information indirectly, if we have a method of linking
central conditions with the jet flow further out.
The signature radiation from jets is synchrotron radi-
ation, which provides the radio band, and sometimes dom-
inates the infrared to X-ray bands. In the radio band, the
? Present address: John S. Toll Building, University of Maryland,
College Park, MD 20742-4111, USA.
† E-mail: polko@umd.edu
observed spectrum is often flat or slightly inverted, which,
for a compact, self-absorbed jet, is generally interpreted as
the superposition of several synchrotron components from
an underlying electron population with a power-law energy
distribution (Blandford & Ko¨nigl 1979). If there were a pop-
ulation of electrons closer to the black hole with, for exam-
ple, a quasi-thermal energy distribution, this change would
result in a break in the spectrum, corresponding to the loca-
tion where the particles are accelerated to a power-law dis-
tribution for the first time. If particle acceleration is present
from the base of the jets, then this break would correspond
to the most compact scale of the jet. Such a break has in-
deed been observed in several sources, both in active galac-
tic nuclei (AGN) (Ho 1999), and black hole X-ray binaries
(BHXRBs) (Corbel & Fender 2002; Gandhi et al. 2011; Rus-
sell et al. 2013).
Modelling of the broad-band spectrum consistently pre-
dicts the height of this location of particle acceleration to
lie in the range ∼ 10–1000 rg, where rg is the gravitational
radius, with a dependence on the luminosity of the source
(Markoff et al. 2001, 2003, 2005; Gallo et al. 2007; Migliari
et al. 2007; Markoff et al. 2008; Maitra et al. 2009). High-
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energy electrons would quickly lose their energy via syn-
chrotron radiation, inverse Compton and adiabatic losses.
Since the observed flat spectrum implies the power-law dis-
tribution persists for times longer than this cooling time, it
seems that the particles are accelerated continuously beyond
this location (Jester et al. 2001, but see also Pe’er & Casella
2009).
A natural way to accelerate particles into a power-law
distribution is via diffusive shock acceleration (Fermi 1949;
Bell 1978; Drury 1983; Rieger et al. 2007). A jet can be col-
limated by forces such as the pressure of the surrounding
medium, or the magnetic tension of the field lines. If these
forces are strong enough, the jet may eventually contract,
or overcollimate, guiding the matter towards the jet axis.
If this happens, a resulting collimation shock can provide
the required energy and environment to accelerate the par-
ticles into the observed power-law distribution. Since parti-
cles seem to be accelerated continuously, this shock would
have to be a stable feature in the jet. This condition can be
satisfied beyond the modified fast point (MFP), a singular
point in a magnetohydrodynamic (MHD) flow, since at the
MFP the flow upstream is causally disconnected from the
flow downstream. A shock beyond the MFP is therefore un-
able to disrupt the flow causing it. Around the MFP the flow
also can start to overcollimate. For these reasons we use the
MFP as a proxy for the start of the acceleration region, even
though the latter may lie at twice the height of the MFP it-
self. Although previous studies stated that in a relativistic
formalism the MFP could only lie at infinity (Blandford &
Payne 1982; Li et al. 1992; Vlahakis & Ko¨nigl 2003), we
showed in an earlier paper it is possible to cross the MFP
at a finite height (Polko et al. 2010, hereafter Paper I).
By developing an MHD formalism describing a jet, we
would like to explore the possibility that the ideas given
above can explain the observed jet features. Such a jet model
could equate the location of a possible collimation shock
with conditions close to the black hole where the jet is
formed. In order to be able to have a reliable model close to
the black hole, the flow needs to first cross two other singu-
lar points, the Alfve´n point, where the flow towards the axis
matches the Alfve´n velocity, and the modified slow point
(MSP), where it matches the magnetosonic slow velocity.
The MSP cannot form without gravity. Since in a relativistic
self-similar MHD framework gravity scales differently than
the other physical quantities, for a purely self-similar model
gravity needs to be neglected. By comparing a relativistic
formalism with a non-relativistic one including gravity, in
a previous paper we showed it is possible to include grav-
ity into the relativistic equations and give a prescription for
the region where self-similarity holds to within a specified
tolerance (Polko et al. 2013, hereafter Paper II).
In this paper we derive the gravity term from the gen-
eral MHD equations. We show that the previously derived
gravity term is the part representing the kinetic mass con-
tribution. We will therefore call it the ‘kinetic’ gravity term
for brevity. With this comparison, we demonstrate that the
previous approach is valid and we also can explore its limi-
tations better. The new model presented here, is valid in a
wider range of cases, since it also takes the thermal and elec-
tromagnetic mass contributions into account. We will there-
fore call the newly obtained term the ‘full’ gravity term for
contrast. The new model also keeps track of the fraction of
the total energy which is present in the gravitational field.
The observed Lorentz factors of jets in AGN are . 10
(Lister et al. 2009), while for BHXRBs they are found to
be . 2 (Mirabel & Rodr´ıguez 1999). We will keep these
Lorentz factors and MFP heights in mind when we explore
the parameter space of the solutions in this new model.
In Section 2, we describe the derivation of the full grav-
ity term, the changes made to the previous model, and the
effects these changes have on the solutions. In Section 3, we
give an overview of the solutions we find and a preliminary
parameter study determining the range of properties. In Sec-
tion 4, we discuss our findings and present our conclusions.
2 METHOD
In this section, we briefly review the preceding work, give
the derivation of the full gravity term including the contri-
butions to the mass, list the modifications to the equations,
and describe the approach to finding solutions.
2.1 Background
In Paper II we showed that it is possible to include grav-
ity in a single relativistic wind equation, which describes
the acceleration along a field line, by comparison of a rela-
tivistic formalism without gravity (Vlahakis & Ko¨nigl 2003)
with a non-relativistic formalism including gravity (Vlahakis
et al. 2000, hereafter VTST00). By making a term-by-term
comparison of the wind equations of the two formalisms, we
were able to isolate the term equating to gravity and de-
rive a single wind equation relating the region where gravity
is important and the flow has non-relativistic velocities, to
the region where gravity can be neglected and the flow is
relativistic.
While this approach gives solutions that satisfy self-
similarity to some degree, it still has several stringent con-
straints. In special relativistic MHD a characteristic veloc-
ity appears, the velocity of light, as well as a corresponding
length scale, the light cylinder radius. The velocity of light
has no radial dependence, which means gravity cannot be
included in a self-similar way (Li et al. 1992). Therefore,
only when the flow has non-relativistic velocities at the base
of the jet where gravity is important, are the equations self-
similar with gravity. This condition implies either that the
gravitational potential is not very strong because the MSP
occurs relatively far away from the black hole, or that the
temperature or magnetic field energy density at the base
of the flow is low, so the initial thermal or magnetic accel-
eration is not enough to accelerate the matter to relativis-
tic velocities. Another limitation is the gravity term itself.
Since this term is derived from a non-special-relativistic for-
malism, it only includes the kinetic mass contribution, while
the thermal and electromagnetic mass contributions are ig-
nored. Since even the kinetic part misses a relativistic correc-
tion (see §2.3), in relativistic flows the kinetic gravity term
is only a poor approximation of the full gravitational effects.
For these reasons, we aim to derive a gravity term taking
into account all mass contributions, and relativistic effects.
The approach we use, similar to the approach taken in Pa-
per I and II, is to derive the wind equation (the equation
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where the singular points manifest themselves) from the en-
ergy equation (which describes the forces along a field line,
equation (A1)) and the transfield equation (which describes
the forces across a field line). We rewrite the derivative of
the energy equation with respect to θ, the poloidal spheri-
cal angle that we use as our independent variable, and the
transfield equation in the general form:
A1
dM2
dθ
+B1
dψ
dθ
= C1 and A2
dM2
dθ
+B2
dψ
dθ
= C2, (1)
where M is the Alfve´nic Mach number, ψ is the angle a
field line makes with the disc, A, B, and C are functions
not containing these derivatives of M and ψ, and where
subscript 1 refers to functions from the energy equation, and
subscript 2 refers to functions from the transfield equation.
From these two equations we can solve for the wind equation
(given by dM2/dθ) without gravity by using the determinant
method:
dM2
dθ
=
C1B2 − C2B1
A1B1 −A2B1 . (2)
For the full equations see Appendix A.
2.2 The new gravity term
In order to derive a fully relativistic gravity term with all
mass contributions, we start with the fully special rela-
tivistic equations. Making the assumptions of time indepen-
dence, axisymmetry and self-similarity, the energy equation
along each magnetic field line gives a conserved quantity, the
Bernoulli constant or specific total energy:
(µ− 1)c2 + µΦ = constant, (3)
where µc2 is the total energy-to-mass flux ratio, or specific
internal energy of the plasma, including rest mass, c is the
velocity of light and Φ is the gravitational potential (Meier
2012). If gravity is neglected, µ = constant, since Φ = 0,
but if gravity is taken into account µ becomes a variable.
For ease of notation, we define the Bernoulli constant as
µ′ ≡ µ+ µΦ
c2
= µ
(
1 +
Φ
c2
)
, (4)
thus far away from the black hole, where gravity is unimpor-
tant, µ approaches this constant. The gravitational potential
in the Newtonian limit is given by
ΦN
c2
= −rg
r
= −GM
c2
sin(θ)
$AG
, (5)
where rg is the gravitational radius, r the spherical radius,
G is the gravitational constant, M is the mass of the black
hole,$A is the cylindrical radius of the Alfve´n point andG is
the cylindrical radius in units of $A. For conciseness, we will
use the expression for the Newtonian limit in the remainder
of the equations. For our calculations, we used the pseudo-
Newtonian Paczyn´sky–Wiita potential (Paczyn´sky & Wiita
1980):
ΦPW
c2
= − rg
r − rS = −
[
c2$AG
GM sin(θ) − 2
]−1
, (6)
where rS is the Schwarzschild radius, equal to twice the
gravitational radius. To obtain the equations with the
Paczyn´sky–Wiita potential, replace wherever the right-hand
side of equation (5) appears with the right-hand side of equa-
tion (6). Although in this section the gravitational radius,
GM/c2 is still explicit, in the results below we absorb it
into $A so this distance is expressed in gravitational radii.
A subscript A denotes a value at the Alfve´n point. Using
equations (4) and (5) we can calculate µ′ at the Alfve´n point
and consequently µ at every point along the field line using
equation (4).
If we substitute (4) into the energy equation (A1) and
derive the resulting equation with respect to θ, we obtain an
additional term to C1, which we denote by C
+
1 and is given
to first order by
C+1 = −GMc2
sin(θ)
$AG
[
ξ2x4A
F 2σ2M
cos2(ψ + θ)
sin2(θ)
+
M4
G4
]
, (7)
where ξc2 is the specific relativistic enthalpy, x is the cylin-
drical radius in units of the light cylinder radius (x = xAG),
and σM is the magnetisation parameter. F is the param-
eter that controls the current distribution and is given by
F = 1 + d log I/d log$. If F > 1, the current increases with
radius and this case is called the current-carrying regime.
The case F < 1 is called the return-current regime, which
is the case for our solutions since we set F = 0.75. In this
regime, the electrical force acts to collimate the jet, while
the magnetic force acts to decollimate it. The gravitational
force in the transfield equation is given by
fG =
(
γρ0 +
E
c2
)
(∇Φ · nˆ) , (8)
where γ is the Lorentz factor, ρ0 is the matter density, nˆ
is the unit vector in the transfield direction and E is the
energy density, which under the assumption of flat space–
time is given by
E = γ(γ − 1)ρ0c2 + γ2 Γ
Γ− 1P − P +
1
8pi
(
B2 + E2
)
, (9)
where Γ is the polytropic index, P is the pressure, B is the
magnetic field, and E is the electric field (Meier 2012). If we
fill in the expressions for these quantities and use the scaling
for the transfield equation so it has the same ‘units’ as the
energy equation, we obtain the addition to C2:
C+2 =
{
µ2x4
F 2σ2M
[
1
M2
(1−M2 − x2A)2
(1−M2 − x2)2 +
x2(1−G2)2
2G4(1−M2 − x2)2
]
− x
4
F 2σ2M
Γ− 1
Γ
ξ(ξ − 1)
M2
+
1
2
(1 + x2) sin2(θ)
cos2(ψ + θ)
}
×
[GM
c2
sin(θ)
$AG
cos2(ψ + θ)
]
. (10)
The wind equation with gravity is given by:
dM2
dθ
=
(C1 + C
+
1 )B2 − (C2 + C+2 )B1
A1B2 −A2B1
=
C1B2 − C2B1 + Gfull
A1B2 −A2B1 , (11)
so the gravity term including all mass contributions, which
we will call the ‘full’ gravity term, Gfull, added to the nu-
merator of the wind equation without gravity is then given
by C+1 B2 − C+2 B1, where:
B1 =
M4
G4
, (12)
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and:
B2 =
[
(1− x2)
cos2(ψ + θ)
−M2
]
sin2(θ), (13)
are the scaled components from the energy and transfield
equation, respectively. Putting all these parts together gives
us:
Gfull = −GM
c2
sin(θ)
$AG
{
µ2x4A
F 2σ2M
(1−M2 − x2A)2
(1−M2 − x2)2
(
1− x2)
− µ
2x4A
F 2σ2M
x2(G2 −M2 − x2)2
G4(1−M2 − x2)2
(
1− x2)
+
µ2x4A
F 2σ2M
M2x2
G4
[
(G2 −M2 − x2)2
(1−M2 − x2)2
+
1
2
M2(1−G2)2
(1−M2 − x2)2
]
cos2(ψ + θ)
− x
4
A
F 2σ2M
Γ− 1
Γ
ξ(ξ − 1)M2 cos2(ψ + θ)
+
1
2
M4
G4
(1 + x2) sin2(θ)
}
. (14)
2.3 Comparison with the kinetic gravity term
When we compare the gravity term obtained in Paper II:
Gkin = −GM
c2
sin(θ)
$AG
µ2x4A
F 2σ2M
(1−M2 − x2A)2
(1−M2 − x2)2 , (15)
with the full gravity term given above, we can see the kinetic
gravity term corresponds to the first line of equation (14),
coloured red, not including the factor (1− x2). For small x
this factor approaches unity. The first line of equation (14)
corresponds to the kinetic energy contribution to E, which
is why we will refer to the previous gravity term derived in
Paper II as the kinetic gravity term. The other lines cor-
respond to the thermal, electric and magnetic energies. If
these energies are unimportant and x is small (i.e., the field
line lies well within the light cylinder radius) as is the case
in VTST00, the two gravity terms are similar in value. For
solutions with x close to 1, the kinetic gravity term is a poor
approximation, as it will always overestimate the strength
of gravity.
We can label individual field lines with the dimension-
less variable α, defined as the square of the cylindrical radius
of the Alfve´n point over a reference cylindrical radius equal
for all field lines, α ≡ $2A/$20. Since $0 is a constant, acting
as a unit length and introduced purely to define a dimen-
sionless distance, $A ∝ α1/2. Because we express $A in
gravitational radii, we can also express $0 in gravitational
radii and let the mass of the black hole determine the phys-
ical distance. Since the dimensionless variables are scaled
back with this same reference length to obtain the physical
values, we can freely choose the reference length and label a
particular field line with α = 1.
All the physical variables, including the gravity term
through $A, scale with α, which for a fully self-similar solu-
tion is equivalent to scaling with spherical radius. The scal-
ing with α is the same for both the kinetic and the full grav-
ity term, namely α−1/2. A different scaling with α means a
different dependence on the radius, and therefore a differ-
ent self-similarity. Since the full gravity term has a different
dependence on α from the rest of the wind equation (α0),
it violates the self-similarity assumption the same way the
kinetic gravity term does in Paper II. For this reason we
postulate that the field lines controlling the location of the
MFP originate in a small region of the accretion disc and
can be approximated by a flux tube. The width of this flux
tube then determines the deviation from self-similarity. We
therefore argue that our solutions are valid within a flux
tube of a certain width, as laid out in Paper II. Most of the
activity of jets is concentrated in specific regions. The emis-
sion in the case of the compact jet cores most relevant for
a steady-state treatment, for example, predominantly arises
in the photosphere of the jet, a layer of limited depth. We
therefore think that a flux tube provides enough information
to reproduce most of the features of observed jets.
2.4 Effects of the full gravity term
There are several changes we have to make to the equations
in order to be self-consistent when using the full gravity
term. Due to the fact that µ is no longer a constant along a
field line, we have to calculate it at every step using equation
(4) from µ′ calculated at the Alfve´n point. Since the poten-
tial is negative, µ decreases outwards, eventually asymptot-
ically approaching µ′. Going towards the black hole, µ can
increase without limit. Since the Lorentz factor of the flow
is proportional to µ, it is possible for the Lorentz factor to
decrease when the flow moves outwards. This decrease may
sound counterintuitive since the flow is accelerating, but this
acceleration is in the poloidal plane, while the Lorentz factor
also includes the velocity in the azimuthal direction. The de-
crease of the Lorentz factor is thus interpreted as the initial
relativistic velocities in the azimuthal direction gradually
changing into a mainly poloidal flow.
2.5 Approach to finding solutions
By including gravity we have introduced a new character-
istic length, the gravitational radius. The parameter $A is
the cylindrical radius of the Alfve´n point. Since only the ra-
tio of $A and M appears in the equations, reflecting mass
scaling, it leads to no loss of generality if we express the
Alfve´n radius in gravitational radii, and incorporate the fac-
tor GM/c2 into $A. This is the convention we will use in
the remainder of the paper. Solutions are therefore no longer
directly dependent on the mass of the black hole, but it does
still set the overall scale of the system.
As mentioned above, the gravity term has a different
α dependence than the other terms in the numerator of
the wind equation. While the simple scaling of true self-
similarity is therefore no longer possible, we have found that
by changing $A we can populate our jet with field lines and
mimic this scaling to a high degree (see Section 3.3). By
using the Alfve´n regularity condition we ensure a smooth
crossing at the Alfve´n point. Since we want our solutions to
cross also both the MFP and MSP, and these crossings cor-
respond to one boundary condition each, we need to fit two
parameters to ensure a smooth crossing at those locations
as well. We have chosen to use x2A and q for these fitting pa-
rameters, as this combination makes sure field lines do not
cross when we populate the jet by changing the free param-
c© 2012 RAS, MNRAS 000, 1–12
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θA ψA $A M
F Γ (◦) (◦) σM (rg) (M) x2A q pA σA µ
′
First solution 0.75 5/3 60 45 0.000 785 798 18.2088 10 0.01 0.014 359 −5.759 03 0.010 956 1.069 56
Reference 0.75 5/3 60 40 0.02 15 10 0.145 330 0.024 184 −7.946 40 0.186 323 1.313 44
Table 1. Parameters of the first solution and the reference solution used in the parameter study. pA is the value of dM
2/dθ at the
Alfve´n point, and σA the magnetisation function evaluated at the Alfve´n point. The values for the first seven parameters (F through
M) of the solution in this work are exact, except σM for the first solution, for the last five (x2A through µ′) they are rounded off, except
x2A for the first solution. Because singular solutions require high precision, the rounded-off numbers are given with six significant digits.
For this initial solution, σM was used as a fitting parameter instead of x
2
A, since we wanted to ensure x
2
A was small.
Figure 1. First solution found using the full gravity term show-
ing both an MFP and MSP. The red and blue lines show the
numerator and denominator of the wind equation, respectively,
while the black line shows their ratio. The latter determines the
total bulk acceleration of M2 with respect to polar angle θ. The
vertical line shows the location of the Alfve´n point (AP). The ver-
tical axis is a ‘scaled logarithm’ of the plotted parameters, i.e.,
y = sign(x) log10[1 + abs(x)/10
−12] to clearly show the variables
over many orders of magnitude. The integration is continued be-
yond the MFP and below the MSP to show dM2/dθ is smooth,
but since at the singular points the ratio is almost 0/0, we do
not consider these regions for further analysis. Note that since
the angle θ decreases with increasing height a negative value of
dM2/dθ corresponds to acceleration.
eter $A, which acts as a scaling parameter. q is related to
the adiabat Q = P/ρΓ0 , by
q =
B0α
F−2x4A
4pic2F 2σ2M
(
Γ
Γ− 1
Q
c2
)1/(Γ−1)
, (16)
where B0 is a reference field strength to obtain dimensionless
variables in the same way as $0 is used.
For a new solution, we set the free parameters, θA, ψA,
σM and $A, and then keep adjusting, for example, xA until
the MFP has been crossed. Then we change q until the inte-
gration crosses the MSP. This integration usually does not
cross the MFP anymore, so we change xA again and repeat.
In this way, we converge to a solution that crosses both the
MFP and MSP.
A key issue in this approach is finding an initial solu-
tion. Once obtained, it is possible to find additional solutions
by making small steps in the free parameters, avoiding any
regions where solutions do not exist. Because of the dimin-
ishing effect of the (1 − x2) factor, we found there were no
solutions around the parameter values of the solution de-
scribed in Paper II, which had a high value of x2A ≈ 0.75.
Since all equations, including the gravity term, revert to
their non-relativistic form in the appropriate limit, we have
adjusted the parameters of the solution given in fig. 4 of
VTST00 and indeed found a solution nearby (see Table 1).
See Section 3.1 for further details.
We found that in general the required precision to ob-
tain a solution where the numerator and denominator of the
wind equation crossed zero within the same integration step
exceeds quadruple precision and involved prohibitive con-
vergence times. For these reasons, when the denominator
approached zero first, effectively ending the integration, we
extrapolated the numerator and denominator and treated as
a solution those integrations where the relative difference be-
tween the angle where numerator and denominator crossed
zero was smaller than 10−4 radians.
3 RESULTS
We will discuss the first solution found using the full gravity
term. Then we present an initial exploration of parameter
space with a view to finding solutions with properties that
correspond to observed systems. We also detail the effects
the parameters have on the solution.
3.1 First solution
Due to the weakening of the gravity term by the (1 − x2)
factor, we were unable to find solutions with both an MFP
and MSP with parameters similar to those used in Paper II.
Since our equations, including the full gravity term, reduce
to the equations of VTST00, by using the parameters of a
solution that crossed all three singular points in VTST00,
we would be close to the values that produce a solution using
the relativistic equations, even though this solution would
be non-relativistic itself. We converted the parameters of the
solution given in the caption of fig. 4 in VTST00 to the pa-
rameters used in our model. Most parameters are identical,
we set x2A = 0.01 to obtain a solution in the non-force-free
limit of VTST00, and for $A we used the definition of the
mass-loss parameter, κVTST:
κVTST =
√ GM
$∗V 2∗
=
√
GM
c2$A
µ2x4A
F 2σ2M
(1−M2 − x2A)2
(1−M2 − x2)2 , (17)
c© 2012 RAS, MNRAS 000, 1–12
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Figure 2. Various physical quantities that result from integrating the wind equation depicted in Fig. 1, now plotted against cylindrical
radius $ instead of θ. These plots are similar to those in fig. 4 of Paper I. Panel (a) shows the geometry of the field line of this paper in
red, and the field line from Paper II in blue. Panel (b) shows the magnetic energy (S ≡ −$ΩBφ/ΨAc2), the thermal energy including
the rest mass (ξ), and the kinetic energy [(γ−1)ξ]. Panel (c) shows the opening half-angle of the outflow (pi/2−ψ), the causal connection
opening angle (arcsin[1/γ]), and the pitch angle of the field line. Panel (d) shows the cylindrical radius in units of the ‘light cylinder’
radius (x), and the Alfve´nic Mach number (M). The MSP, Alfve´n point, and MFP (from left to right) are indicated for each quantity
by black dots.
evaluated at the Alfve´n point:
$A =
λ2VTST
κ2VTSTx
2
A
(
2x2A cos(ψA)
pA sin(θA) cos(θA + ψA)
+ 1
)−2
, (18)
where λVTST is the specific angular momentum as defined
in VTST00 and we used the equations:(
1−M2 − x2A
1−M2 − x2
)
A
=
1
σA + 1
, (19)
σA =
2x2A cos(ψA)
pA sin(θA) cos(θA + ψA)
, (20)
λ2VTST =
µ2x6A
F 2σ2M
. (21)
Using the remaining σM and q as fitting parameters, we
indeed obtained a solution with parameters given in Table
1.
The solution found crosses all three singular points as
can be seen in Fig. 1. The MFP is located at θ = 6◦.9, the
Alfve´n point at θ = 60◦ and the MSP at θ = 68◦.
Panel (a) of Fig. 2 shows that the field line geometry is
mostly parabolic, with log(z)/ log(r) ≈ 1.5. In comparison
with the solution found in Paper II shown in blue, the slope
is slightly steeper and the MSP and Alfve´n point lie farther
away from the black hole, while the MFP lies significantly
closer at a height of 4298 rg.
Panel (b) shows the thermal (ξ), kinetic ((γ − 1)ξ) and
electromagnetic energy (S). Since the poloidal velocity is al-
ways at least 10 times as high as the toroidal velocity, the to-
tal kinetic energy and the poloidal kinetic energy (not plot-
ted) are indistinguishable. The thermal energy drops mono-
tonically to very close to 1, corresponding to thermal accel-
eration and cooling through adiabatic expansion, and leav-
ing the matter in the jet cold. The electromagnetic energy
also drops, which means the jet is also magnetically acceler-
ated. Despite these modes of acceleration the Lorentz factor
starts out very high and initially drops, before eventually
increasing again. This behaviour is caused by the gravita-
tional potential. As the matter climbs out of the potential
well, it decelerates, despite the conversion of thermal and
magnetic energy. See Section 4 for a further discussion. The
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Figure 3. Heights (in gravitational radii) of the solutions’ three singular points as a function of the four principal free parameters.
The red line shows the MFP, the blue line the Alfve´n point (AP), and the black line the MSP. The reference solution (see Table 1) is
indicated by the vertical black line. The parameters varied are as follows: panel (a): poloidal spherical angle of the Alfve´n point (θA);
panel (b): the angle the field line makes with the disc at the Alfve´n point (ψA); panel (c): magnetisation (σM) and panel (d): cylindrical
radius of the Alfve´n point in rg. The horizontal axis in each of these plots is linear, not logarithmic. Note that the MSP and Alfve´n point
heights are still outside the black hole horizon (see Fig. 7); i.e., even though the height of the MSP is smaller than the Schwarzschild
radius (zMSP < 2 rg), the spherical radius of the MSP for these solutions remains outside the black hole horizon (rMSP > 2 rg).
Lorentz factor reaches a value of 1.07 at the MFP, showing
this solution is indeed non-relativistic. Due to the low value
of the magnetisation parameter, most of the energy at this
point is provided by the rest mass of the matter, and the
result is a kinetically dominated jet.
Panel (c) shows the opening half-angle, pi/2 − ψ, the
causal connection opening angle, arcsin(1/γ), and the pitch
angle of the magnetic field line, arctan(Bφ/Bp). The open-
ing half-angle shows that the jet starts out very wide and
slowly collimates, until it overcollimates around the MFP.
In contrast the solution in Paper II started out nearly ver-
tical, widened first and only then started to collimate. The
causal connection opening angle is the relativistic equiva-
lent of the angle of a Mach cone for supersonic velocities,
describing the cone in which material can be affected by a
certain location in the jet. Initially this angle is very small
due to the high Lorentz factor and then increases as the
flow slows down, the opposite behaviour as in Paper II. The
pitch angle shows how toroidal the field lines are. If the an-
gle is 0◦ the field lines are purely poloidal, if 90◦ they are
purely toroidal. The flow starts mostly poloidal, becomes al-
most purely toroidal at the point of recollimation, and then
returns to a more poloidal configuration. Beyond the light
cylinder radius 80% of the magnetic field is in the toroidal
direction.
Panel (d) shows the flow crosses the light cylinder radius
at a cylindrical radius of 182 rg, the location where the blue
line has a value of 1. Since the rotational velocity of the field
lines is constant, this means the matter is moving along field
lines that are bend backwards. In this solution xA = 0.1, so
the Alfve´n point is crossed at a cylindrical radius of 18.2 rg.
Although for this solution it was possible to integrate
through the MSP and MFP, it is likely numerical artefacts
developed at the crossings where the wind equation is close
to 0/0, which would grow during the remainder of the inte-
gration. Therefore, we do not consider the integration below
the MSP and beyond the MFP very reliable and we will use
these two boundary conditions to match our solution to an
inflow solution and a kinetically dominated jet, respectively.
3.2 Exploring parameter space
From the first solution, we changed fitting parameters to x2A
and q to obtain a solution with round values for the remain-
ing free parameters. The parameter values of this ‘reference’
solution are given in Table 1. From this solution, we in-
creased and decreased each of the four free parameters in
turn to determine the effect they have on the height of the
MFP and the Lorentz factor at the MFP. The step sizes
used are 1◦ for θA and ψA, 0.01 for σM and 1 rg for $A, and
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Figure 4. Lorentz factor at the MFP as a function of the four principal free parameters. The reference solution (see Table 1) is indicated
by the vertical black line. Parameters are as in Fig. 3. The vertical axis in each of these plots has the same range for comparison.
these were decreased when no solution could be found in
order to accurately map the boundaries of parameter space.
Fig. 3 shows that the height of the MFP is strongly anti-
correlated with the angle of the field line (ψA) and the angle
of the Alfve´n point (θA), and weakly correlated with the
cylindrical radius of the Alfve´n point ($A). In other words,
the height of the MFP decreases if the Alfve´n point lies
closer to the disc and the field lines there are more cylin-
drical. These trends correspond roughly to those found in
Paper II. The range of magnetisation (σM) giving solutions
is very small for these parameter values, so it is hard to make
a general statement about its correlations. The height of the
MSP is correlated with the height of the MFP for θA and
ψA and anticorrelated, albeit weakly, for σM and $A. Since
we are restricting ourselves to solutions that cross both the
MSP and MFP, that the MSP approaches the Alfve´n point
for the lower values of θA and ψA can be a possible reason for
why it is impossible to find solutions below certain angles.
Fig. 4 shows the effect the parameters have on the value
of the Lorentz factor at the MFP. Although the Lorentz fac-
tor can increase beyond this point, since we end our integra-
tion at the MFP, we have no information on its evolution
there. As is already well known, the most pronounced ef-
fect on the Lorentz factor is the level of magnetisation, with
a significant increase for only a small change in parameter
value (Li et al. 1992). Also θA and ψA have a strong but
anticorrelated effect, while the Lorentz factor is almost in-
dependent of the radius of the Alfve´n point ($A; models
with different $A, but otherwise the same parameters, are
part of a quasi-self-similar family of models; see Section 3.3).
The Lorentz factors for these solutions are rather small, ly-
ing in the range 1.22–1.43. This is mainly due to the small
values of the magnetisation parameter.
Fig. 5 shows a scatter plot of the height of the MFP as a
function of the physical quantities at the MSP (which corre-
spond to the four free parameters) for all solutions found so
far. The physical quantities are the magnetic energy density,
the velocity, the matter density and the pressure. Although
these plots show by no means the complete picture, due to
the limited number of solutions, there seems to be a trend
for a higher MFP height with increasing magnetic energy
density, matter density and pressure, although there is sig-
nificant scatter. There seems to be no correlation between
the velocity at the MSP and the height of the MFP.
Fig. 6 shows a similar scatter plot for the Lorentz factor
at the MFP as a function of the same quantities. Here the
correlation with the velocity at the MSP is strong, while for
the magnetic energy density, matter density and pressure
there seems to be only a weak or no correlation. Based on
these results, we expect sources with low MFP heights and
high Lorentz factors to have a low magnetic energy density,
matter density, and pressure close to the black hole, but high
initial velocity.
If we want to find solutions with different properties, it
is unlikely a single parameter will suit our needs. A com-
pounding problem is that there is only a limited region in
parameter space in which we can find solutions using the
method outlined in Section 2.5. Therefore, we cannot simply
change a parameter to any value, as is clearly demonstrated
by the limited range in magnetisation in Fig. 4. Thus, in
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Figure 5. Heights of the MFP (in gravitational radii) as a function of the physical quantities at the MSP. Panel (a) shows the scaled
magnetic energy density [B2/(8piB20α
F−2)], panel (b) shows the velocity in units of the speed of light, panel (c) shows the scaled matter
density [4piρ0/(B20α
F−2)] and panel (d) shows the scaled pressure [4piP/(B20α
F−2)].
Figure 6. Lorentz factor at the MFP as a function of the physical quantities at the MSP. Physical quantities are as in Fig. 5.
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Figure 7. The effect of changing the cylindrical radius of the Alfve´n point on the field line geometry. $A ranges from 7–18 rg in steps
of 1 rg. In panel (a), the MSP and Alfve´n point are indicated by the black dots. The arrows point to the Alfve´n point. In panel (b) the
MFP is indicated by black dots. Due to the extrapolation method, the MSP and MFP are also the end point of the field lines. Note
that the height of the MSP (indicated at the lower end of the line) can be smaller than the Schwarzschild radius, but its spherical radius
always remains outside the horizon. Note also that, while the Alfve´n point and MFP positions are radially quasi-self-similar, those of
the MSP are not.
general, finding the desired solutions is a case of carefully
navigating parameter space avoiding the boundaries.
3.3 Self-similarity
Including gravity into the relativistic equations inevitably
violates the assumption of self-similarity, which means we
cannot simply scale a single solution to populate a jet. How-
ever, by calculating many solutions with different Alfve´n
point radii, while keeping the other free parameters fixed,
we can populate a jet that is quasi-self-similar. The reason
for choosing x2A and q as fitting parameters, is that the field
lines of the resulting solutions do not cross.
In order to assess our solutions, we would like to know
to what extent the jet provided by this method remains
quasi-self-similar. Fig. 7 shows the poloidal projection of
several field lines, both close to the black hole and far away.
Fig. 8 is the ratio of radii of these field lines with respect
to the poloidal spherical angle. Perfectly self-similar field
lines would be horizontal lines in this latter plot. Since the
poloidal angle of the Alfve´n point is fixed for all solutions,
the Alfve´n point is geometrically self-similar. The angle of
the MFP is almost equal for all these solutions. The rea-
son the ratios of the field lines at the MFP appear to be too
small, is due to the fact we fix the ratios at the Alfve´n point,
even though exact self-similarity has not been established
there due to the influence of gravity. The main deviation
occurs around the MSP. Since the effects of gravity are the
strongest there, this is expected. The lines with α > 1 do
not reach their MSPs because the reference solution, and
therefore the ratio does not exist beyond its MSP. For the
same reason, the line denoting the MSPs has been drawn
based on the dashed lines and is only approximate. While
the field lines start to deviate at the MSP, this deviation is
just above 10 percent, so if we take that as an acceptable
limit, the majority of these field lines are allowed within the
flux tube.
Apart from geometry, the physical quantities such as
the magnetic field strength, density and temperature also
change from field line to field line, due to the changes in
the fitting parameters. While in general x2A only changes by
a few percent, the changes in q can be a factor of several.
Since this change can significantly alter the temperature of
the matter, limiting the deviations of these quantities from
self-similarity can be an additional constraint on the size of
the flux tube in which we consider our solutions.
4 DISCUSSION AND CONCLUSIONS
We have derived an expression for gravity that includes
the kinetic, thermal and electromagnetic mass contributions
(the ‘full’ gravity term) from the general MHD equations in
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Figure 8. The ratios of the radial size of the field lines shown in
Fig. 7 with regularly increasing $A fitted with x
2
A and q, colour-
coded in the same way. The horizontal dashed lines show the
values for exact self-similarity. The bottom line has α ≈ 0.22 and
the top line has α = 1.44 (where α ≡ $2A/$20), with respect to
the reference field line, denoted by the horizontal black line. The
parameters of the reference solution are x2A = 0.0902, σM = 0.02,
q = 0.106, $A = 12 rg, M = 10 M, θA = 60◦, ψA = 45◦. The
approximate locations of the MFP, Alfve´n point (AP) and MSP
are marked by the vertical lines.
the special relativistic limit. The approach taken here is in-
dependent of the previous work to include gravity in the
relativistic equations (the ‘kinetic’ gravity term), but in the
non-relativistic limit they are equivalent. This equivalence
shows that the approach of the bridging solution introduced
in Paper II is valid. The work presented here builds on that
method by including the thermal and electromagnetic mass
contributions, and taking the gravitational potential into ac-
count, which means that the current model is more physical,
especially close to the black hole, and applicable to a wider
range of boundary conditions.
If the gravitational potential energy is neglected, the
energy-to-mass flux ratio (µc2), the sum of the kinetic, ther-
mal and electromagnetic energy, is a constant. Since we
take the gravitational energy contribution into account, this
quantity becomes a variable. The gravitational energy in-
creases with height, and because the total energy is con-
stant, µ has to decrease with height. Since the Lorentz factor
is proportional to µ, the counterintuitive result is that the
Lorentz factor can decrease with height, even though the
flow is thermally or magnetically accelerated (see Fig. 2).
While the matter is accelerated along the field lines, it loses
more energy as it climbs out of the potential well. Only when
the gravitational potential has been mostly overcome, does
the Lorentz factor increase again due to magnetic accelera-
tion, with a corresponding decrease in Poynting flux.
The scaling of (1 − x2) in two parts of the full gravity
term, including the previously derived kinetic mass contri-
bution, is the result of the electric force in the transfield
equation. Since the electric field is zero in VTST00, the scal-
ing there reduces to 1. In the non-relativistic limit where
the thermal and electromagnetic contributions are negligi-
ble, the full gravity term thus reduces to the kinetic gravity
term.
We performed an initial parameter study in order to
explore the trends in the solutions and showed that the re-
sults are broadly similar to those in the previous work. We
have found solutions with MFP heights down to 600 rg and
with Lorentz factors below 2, due to the low magnetisation
parameter. The boundaries in parameter space make a com-
prehensive exploration difficult.
There are several causes for these boundaries, limiting
the region where solutions exist. The method we employ to
find solutions, relies on the x2A,q-plane being regular, mean-
ing it is possible to discern whether we need to increase or
decrease a parameter in order to converge to an MSP or
MFP. For certain parameters the used precision is not high
enough to avoid numerical artefacts, showing many possible
solutions scattered in a finite neighbourhood in the fitting
plane. Since there is not a unique solution anymore, it is
impossible to converge to the correct values. Also, for some
unclear reason, in certain parts of parameter space the nu-
merator or denominator can turn away from zero at either
end of the integration, making it impossible to determine
how to change the fitting parameters and find a solution.
Another boundary may be caused by the coinciding of the
MSP and Alfve´n point.
The full gravity term has the same α-dependence as the
kinetic gravity term. Therefore, the region where gravity is
unimportant and the region close to the black hole have a
different self-similar scaling. By combining a varying num-
ber of solutions with different Alfve´n point radii, we can
construct flux tubes that satisfy self-similarity to any de-
sired degree. The size of these flux tubes is limited by geo-
metrical deviations and deviations in the physical quantities
along different field lines. For this reason, we limit our solu-
tions to a flux tube of a certain width, corresponding to the
specified deviation of the field lines from self-similarity. The
location of the start of particle acceleration seems to be rel-
atively well defined in jets, while a wide jet has a large range
of possible shock locations (see Fig. 7). Combined with the
limited depth of the jet photosphere, we believe a relatively
narrow jet is a good enough approximation to calculate the
expected emitted radiation. Therefore, we can use these flux
tubes to relate the height of the MFP, and therefore the
start of the acceleration region, to conditions very close to
the black hole. This approach allows for a self-consistent
determination of this location and thus of the conditions
at the base of the jet from observed broad-band spectra of
BHXRBs and AGN.
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APPENDIX A: EQUATIONS
The energy equation is given by
µ2
ξ2
G4(1−M2 − x2A)2 − x2(G2 −M2 − x2)2
G4(1−M2 − x2)2
= 1 +
F 2σ2MM
4 sin2(θ)
ξ2x4 cos2(ψ + θ)
. (A1)
If gravity is included, due to the gravitational potential en-
ergy µ is no longer a constant of motion along the field line,
as described in Section 2.2.
If we multiply the terms A1 through C1 by a factor,
this factor cancels in the wind equation, so it is possible
to use an arbitrary scaling. The same is true for the terms
A2 through C2. These latter terms have a scaling based on
equations (A8), not (B2e), in Vlahakis & Ko¨nigl (2003),
which is why they differ from the terms given in Paper I and
II. Without the full gravity term they reduce to the same
result, but with full gravity certain terms in the equations
do not cancel, and the equations given in this paper should
be used instead. They therefore represent a new result for
this paper. The equations given here do not contain gravity
themselves: the terms C+1 and C
+
2 should be added to C1
and C2, respectively, before multiplication with B2 and B1
in equation (2). The easiest form to cast A1 through C2 in
are
A1 =
(
µ2x6A
F 2σ2M
M2
G2
(1−G2)2
(1−M2 − x2)3
cos3(ψ + θ)
sin2(θ) sin(ψ + θ)
− x
4
A
F 2σ2M
ξ2
M2
(Γ− 1)(ξ − 1)
(2− Γ) ξ + Γ− 1
cos3(ψ + θ)
sin2(θ) sin(ψ + θ)
+
M2
G4
cos(ψ + θ)
sin(ψ + θ)
)
, (A2)
B1 =
M4
G4
, (A3)
C1 =
ξ2x4A
F 2σ2M
cos(ψ) cos2(ψ + θ)
sin3(θ) sin(ψ + θ)
{
µ2
ξ2
G4(1−M2 − x2A)2
G4(1−M2 − x2)2 − 1
+2x2
[
µ2
ξ2
G4(1−M2 − x2A)2 − x2(G2 −M2 − x2)2
G4(1−M2 − x2)3
−µ
2
ξ2
G2(G2 −M2 − x2)(1− x2A)
G4(1−M2 − x2)2
]}
, (A4)
A2 =
ξ2x4A
F 2σ2M
sin(ψ + θ) cos(ψ + θ)
×
[
µ2
ξ2
x2(1−G2)2
(1−M2 − x2)3 −
(Γ− 1)(ξ − 1)
ξ − (Γ− 1)(ξ − 1)
G4
M4
]
, (A5)
B2 =
[
(1− x2)
cos2(ψ + θ)
−M2
]
sin2(θ), (A6)
C2 =
G4
M2
ξ2x4A
F 2σ2M
cos(ψ) sin(ψ + θ)
sin(θ)
{
µ2
ξ2
G4(1−M2 − x2A)2
G4(1−M2 − x2)2 − 1
+
2x2
1−M2 − x2
[
µ2
ξ2
G2M2(1−G2)(1−M2 − x2A)
G4(1−M2 − x2)2
]}
+2
Γ− 1
Γ
F − 2
F 2σ2M
ξ(ξ − 1)x4
M2
+ 2x2
cos(ψ) sin(θ) sin(ψ + θ)
cos2(ψ + θ)
+(1−M2 − x2) cos(ψ) sin(θ) sin(ψ + θ)
cos2(ψ + θ)
+
sin2(θ)
cos2(ψ + θ)
[
F − 2− Fx2 + x2]+ x4Aµ2x2
F 2σ2M
×
[(
1−G2
1−M2 − x2
)2
(F − 1)− 1
M2
(
G2 −M2 − x2
1−M2 − x2
)2]
.
(A7)
The transfield equation without gravity can be recon-
structed from A2, B2 and C2 by using equation (1).
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